A Weyl-Wigner-Moyal quantization of the 3D continuous Toda field equation, and its associated 2D continuous Toda molecule, is constructed based on Moyal deformations of rotational Killing symmetry reductions of Plebanski first heavenly equation.
I. Introduction
The quantization program of the 3D continuous Toda theory ( 2D Toda molecule) is a challenging enterprise that would enable us to understand the quantum dynamics and spectra of the quantum self dual membrane [1] . The classical theory can be obtained from a rotational Killing symmetry reduction of the 4D Self Dual Gravitational (SDG) equations expressed in terms of Plebanski first heavenly form that furnish ( complexified) self dual metrics of the form : ds 2 = ∂ x i ∂xj Ω. for x i = y, z;x j =ỹ,z and Ω is Plebanski first heavenly form. The latter equations can, in turn, be obtained from a dimensional reduction of the 4D SU (∞) Self Dual Yang Mills equations (SDYM), an effective 6D theory [4, 5] and references therein. The Lie algebra su(∞) was shown to be isomorphic ( in a basis dependent limit) to the Lie algebra of area preserving diffeomorphisms of a 2D surface, sdif f (Σ) [6] .
It was pointed out in [1] that a Killing symmetry reduction of the 4D Quantized Self Dual Gravity , via the W ∞ co-adjoint orbit method [7, 8] , gives a quantized Toda theory. In this letter we shall present a more direct quantization method and quantize the Toda theory using the Weyl-Wigner-Moyal prescription (WWM). A WWM description of the SU (∞) Nahm equations was carried out by [9] and a correspondence between BPS magnetic monopoles and hyper Kahler metrics was provided. There is a one-to-one correspondence between solutions of the Bogomolny equations with appropriate boundary conditions and solutions of the SU (2) Nahm equations.
BPS monopoles are solutions of the Bogomolny equations whose role has been very relevant in the study of D 3-branes realizations of N = 2 D = 4 super YM theories in IIB superstrings [10]; D instantons constructions [11] ; in the study of moduli spaces of BPS monopoles and origins of "mirror" symmetry in 3D [12]; in constructions of self dual metrics associated with hyper Kahler spaces [13, 14] , among others.
Using our results of [15] based on [9, 16] we show that a WWM [17] quantization approach yields a straighforward quantization scheme for the 3D continuous Toda theory ( 2D Toda molecule). Supersymmetric extensions can be carried out following [4] where we wrote down the supersymmetric analog of Plebanski equations for SD Supergravity.
II The Moyal deformations of the rotational Killing symmetry reduction of Plebanski self dual gravity equations in 4D were given by the author in [15] based on the results of [16] . Starting with :
where each Ω n is only a function of the complexified variables r ≡ ww and q, p . Our notation differs from [15] . A real slice may be taken by settingw =w,z =z, ... The Moyal deformations of Plebanski's equation read :
where the Moyal bracket is taken w.r.t the q, p variables. In general, the Moyal bracket may defined as a power expansion in the deformation parameter, κ :
with the subscripts under q, p denote derivatives acting only on f or on g accordingly. We begin by writing down the derivatives w.r.t the w,w variables when these are acting on Ω Hence, the Moyal bracket (2) yields the infinite number of equations after matching, order by order in n, powers of (κ/w):
the subscripts represent partial derivatives of the functions Ω n (r = ww, q, p) for n = 0, 1, 2..... w.r.t the variables r, q, p in accordance with the Killing symmetry reduction conditions. The first equation, after a nontrivial change of variables, can be recast as the sl(∞) continual Toda equation as demonstrated [2, 3] . The remaining equations are the Moyal deformations. The symmetry algebra of these equations is the Moyal deformation of the classical w ∞ algebra which turns out to be precisely the centerless W ∞ algebra as shown by [19] . Central extensions can be added using the cocycle formula in terms of logarithms of derivative operators [20] giving the W ∞ algebra first built by [21] . .
In general, the map that takes the 6D scalar field Θ(z,z, y,ỹ, q, p;h) to the 4D SU (∞) YM potentials , as a result of the dimensional reduction of the effective 6D theory to the 4D SDG one, is [4, 5] :
with κ ≡h and w = z +ỹ;w =z − y. Eqs-(6) are basically equivalent to the integrated dimensional reduction condition :
which furnishes the Moyal-deformed YM potentials :
One defines the linear combination of the YM potentials as :
The new fields are denoted by A w , Aw. After the following gauge conditions are chosen A z = 0, A y = 0, [5] , it follows that Az = Aw and Aỹ = A w . For every solution of the infinite number of eqs-(5) by succesive iterations, one has the corresponding solution for the YM potentials given by eqs-(8) that are associated with the Moyal deformations of the Killing symmetry reductions of Plebanski first heavenly equation. Therefore, YM potentials obtained from (5) and (8) encode the Killing symmetry reduction. In eq-(14) we shall see that the operator equations of motion corresponding to the Moyal quantization process of the Toda theory involves solely the operatorΩ. However, matters are not that simple because to solve the infinite number of equations (5) iteratively is far from trivial. The important fact is that in principle one has a systematic way of solving (2).
The authors [9] constructed solutions to the Moyal deformations of the SU (2)/SL(2) Nahm's equations employing the Weyl-Wigner-Moyal (WWM) map which required the use of known representations of SU (2)/SL(2) Lie algebras [22] in terms of operators acting in the Hilbert space, L 2 (R 1 ). Also known in [9] were the solutions to the classical SU (2)/SL(2) Nahm equations in terms of elliptic functions. The "classical"h → 0 limit of the WWM quantization of the SU (2) Nahm equations was equivalent to the N → ∞ limit of the classical SU (N ) Nahm equations and, in this fashion, hyper Kahler metrics of the type discussed by [13, 14] were obtained.
The case displayed here is the converse. We do not have ( as far as we know) SU (∞) representations in L 2 (R 1 ). However, we can in principle solve (5) iteratively. The goal is now to retrieve the operator coresponding to Ω(w,w, q, p;h).
The WWM formalism [17] establishes the one-to-one map that takes self-adjoint operator-valued quantities,Ω(w,w), living on the 2D space parametrized by coordinates, w,w, and acting in the Hilbert space of L 2 (R 1 ), to the space of smooth functions on the phase space manifold M(q, p) associated withe real line, R 1 . The map is defined :
Since the l.h.s of (10a) is completely determined in terms of solutions to eq-(2) after the iteration process in (5), the r.h.s is also known : the inverse transform yields the expectation values of the operator :
i.e. all the matrix elements of the operatorΩ(w,w) are determined from (10b), therefore the operatorΩ can be retrieved completely. The latter operator obeys the operator analog of the zero curvature condition, eq-(14), below. The authors in [23] have discussed ways to retrieve distribution functions, in the quantum statistical treatment of photons, as expectation values of a density operator in a diagonal basis of coherent states. Eq-(10b) suffices to obtain the full operator without the need to recur to the coherent ( overcomplete) basis of states. It is well known by now that the SDYM equations can be obtained as a zero curvature condition [24] . In particular, eq-(2). The operator valued extension of the zero-curvature condition reads : 
This is possible due to the fact that the WWM formalism, the map W −1 preserves the Lie algebra commutation relation :
The latter equations (11,12) can be recast entirely in terms of Ω(w,w, q, p,h) and the operatorΩ(w,w) after one recurs to the relations Az = Aw; Aỹ = A w (9) and the dimensional reduction conditions (6) : ∂z = ∂w; ∂ỹ = ∂ w . Hence, one arrives at the main result of this work :
i.e. the operatorΩ obeys the operator equations of motion encoding the quantum dynamics. The carets denote operators. The operator form of eq-(14) was possible due to the fact that the first two terms in the zero curvature condition (12) are :
as one can verify by inspection from the dimensional reduction conditions in (6) and after using (8) .
The operator valued expression in (14) encodes the Moyal quantization of the continuous Toda field. The original continuous Toda equation is [2, 3, 8] :
At this stage we should point out that one should not confuse the variables z,z, t of eq-(16) with the previous z,z coordinates and the ones to be discussed below. The Moyal deformations of (16) may be obtained from the ( nontrivial) change of coordinates which takes Ω(w,w, q, p;h) to the function u(t,t, q ′ , p ′ ;h) defined as :
The mapping of the effective 3D fields Ω n (r ≡ ww, q, p) appearing in the power expansion (1) into the u n (r ′ ≡ tt; q ′ , p ′ ), furnishes the Moyal deformed continuous Toda equation.
The map of the zeroth-order terms , Ω o (r, q, p) → u o (r ′ , q ′ , p ′ ) is the same map that [2, 3] Order by order in powers of (h) n one can define :
... +h n t n . t n ≡ r∂Ω n (r, z,z ∂r ). n = 0, 1, 2, .. s = s o +hs 1 +h 2 s 2 .... +h n s n . s n ≡ ∂Ω n (r, z,z) ∂z . n = 0, 1, 2, ....
this can be achieved after one has solved iteratively eqs-(5) to order n for every Ω n (r, z,z); with n = 0, 1, 2.... After eliminating s 0 , s 1 , s 2 ....s n , to order n, one sets r = r(t, z,z):
the terms eq-(19) can be expanded as :
this will allow us , order by order in powers of (h) n , after eliminating s o , s 1 , s 2 ....s n to find the corresponding equations involving the functions u n (t, w,w) iff the set of fields Ω n obeyed eqs-(5) to begin with.
Going back to our original notation, in this fashion one can establish the maps and rewrite the infinite number of equations (5) in terms of u n (r ′ = tt, q ′ , p ′ ). The operator analog of such map amounts to relating the operatorΩ(w,w) to the operatorû(t,t), consistent with the WWM transfom :
where u(t,t, q ′ , p ′ ) is given by (17) . Inverting gives :
the latter matrix elements suffice to determine the operatorû(t,t) associated with the operatorΩ(w,w) that satisfies the operator-valued zero curvature condition (14). A further dimensional reduction, u n (r ′ , q ′ , p ′ ) = u n (r ′ , τ ) with τ ≡ q ′ + p ′ yields the deformed 2D continuous Toda molecule equations which should be equivalent to the Moyal deformations of the SU (∞) Nahm's equations. The ansatz which furnished the map from the ordinary SU (∞) Nahm's equations to the 2D Toda molecule in connection to the quantization of the self dual membrane was studied in [1] .
An alternative route is the following. The continuous Toda molecule equation as well as the usual Toda system may be written in the double commutator form of the Brockett equation [18] :
L has the form
with the connections A ± taking values in the subspaces G o ⊕ G ±1 of some Z-graded continuum Lie algebra G = ⊕ m G m of a novel class. H = X o (−iu) is a continuous limit of the Cartan element of the principal sl(2) subalgebra of G. The functions u(r, τ ), ρ(r, τ ) satisfied ceratin equations given in [18] .
Here one considers the case when the group G is the group of unitary operators acting in the Hilbert space of square integrable functions on the line, L 2 (R 1 ). Then, G is now the ( continuum ) Lie algebra of self-adjoint operators acting in the Hilbert space, L 2 (R 1 ). We now have the operator-valued ( acting in the Hilbert space) quantity depending on the two coordinates, r, τ that obeys the operator version of the Brockett equation : 
where L(r, τ, q, p;h) is the corresponding element in the phase space after performing the WWM map. The main problem with this approach is that we do not have representations of the continuum Z-graded Lie algebras in the Hilbert space, L 2 (R 1 ) and , consequently, we cannot evaluate the matrix elements < q − ξ 2 |L(r, τ )|q + ξ 2 >. For this reason we have to recur to the iterations in (5) and plug the solutions into (10a,10b). The supersymmetric extensions follow from the results of [4] where we wrote down the Plebanski analog of 4D Self Dual Supergravity .
